This paper gives a new taxonomy of dynamic term structure models that classifies all existing TSMs as either fundamental models or preference-free singleplus, double-plus, and triple-plus models. We exemplify the new taxonomy by considering preference-free versions of some well-known fundamental short rate models. Single-plus extensions of the fundamental models are shown to be both timehomogeneous and preference-free -two characteristics which do not simultaneously hold under any existing class of TSMs. Though the analytical apparatus for pricing fixed income securities is identical under fundamental models and single-plus models, the latter models are consistent with general non-linear forms of MPRs which may also depend upon an arbitrary set of state variables, leading to better estimates of riskneutral parameters. The preference-free double-plus and triple-plus extensions of the fundamental models are similar to the Heath, Jarrow, and Morton [1992] models, in that time-inhomogeneous drifts and volatilities are used as "smoothing variables" to fit the initial bond prices and initial term structure of volatilities, respectively.
general rule, fundamental models are nested in single-plus models, single-plus models are nested in double-plus models, and double-plus models are nested in triple-plus models.
The only difference between a given fundamental TSM and the corresponding preference-free single-plus TSM is that the former requires an explicit specification of the market prices of risks (MPRs), while the latter does not require MPRs for valuing bonds and interest rate derivatives. In effect, since the latter does not require MPRs, it is consistent with general, non-linear specifications of MPRs, which allows it to fit better with the market prices of bonds and interest rate derivatives. The trick to the derivation of a single-plus TSM corresponding to a given fundamental TSM is to specify the stochastic bond price process exogenously under the physical measure, using the same form of volatility function used under the given fundamental model.
The exogenous stochastic bond price process is then combined with a specific functional form for the solution of the time-zero bond prices or forward rates, which leads to a time-homogenous risk-neutral short rate process. By fitting the prices implied by the single-plus TSM to the time-zero observed prices of bonds and interest rate derivatives, the risk-neutral parameters and state variable values are determined.
Since single-plus TSMs obtain the short rate process endogenously using an exogenous stochastic bond price process, these models allow independence from the MPRs. On the other hand, since fundamental TSMs assume the short rate process under the physical measure, and since the short rate does not trade, these models require explicit dependence on the MPRs for obtaining valuation formulas of bonds and interest rate derivatives. The risk-neutral stochastic processes of the state variables under any single-plus TSM are identical in form to the risk-neutral stochastic processes of the state variables under the corresponding fundamental TSM.
However, the empirical estimates of the risk-neutral parameters are generally different under these two models, as the latter model imposes restrictive functional forms on the specifications of MPRs. The restrictive MPRs under the latter model also imply that the stochastic processes of the state variables under these two models are different under the physical measure.
The preference-free double-plus TSMs are different from the corresponding fundamental TSMs in two ways. These models are not only free of the MPR specifications -similar to the single-plus models -but they also allow the model bond prices to exactly fit the initially observed bond prices. Unlike the single-plus TSMs that may require multiple factors to match the model prices with the observed prices, the double-plus TSMs can allow an exact fit even using a single factor. The initially observed bond prices are used as an input under the double-plus TSMs. These models exactly fit the initially observed bond prices by allowing a time-inhomogeneous drift for the risk-neutral short rate process. This is unlike the single-plus models, which require a time-homogenous drift for the risk-neutral short rate process. Examples of double-plus TSMs include the models by Ho and Lee [1986] , Hull and White [1990] , 2 Heath, Jarrow, and Morton (HJM) [1992] , and Brigo and Mercurio [2001] .
3 Though double-plus models can be derived corresponding to all fundamental TSMs (or corresponding to all single-plus TSMs), the vice-versa is not necessarily true. For example, no fundamental TSM or single-plus TSM may exist corresponding to the non-Markovian double-plus HJM models.
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The preference-free triple-plus TSMs are different from the corresponding fundamental TSMs in three ways. Unlike the fundamental models, but similar to single-plus and double plus models, these models are free of the MPR specifications.
Unlike the fundamental and single-plus models, but similar to double plus models, these models allow an exact fit with the initially observed bond prices. However, unlike the fundamental, single-plus, and double-plus models, which all require a time- 2 See the extended Vasicek model of Hull and White [1990] .
3 Brigo and Mercurio [2001] summarize various double-plus models, including the CIR++ model and the G2++ model. The G2++ model was originally derived by Hull and White [1996] . The CIR++ model was originally suggested by CIR [1985, bottom paragraph, p. 395] , and derived formally by Dybvig [1988 Dybvig [ , 1997 and Scott [1995] . 4 We assume that HJM models must imply i) an exact fit with initially observed bond prices, and ii) preference-free valuation independent of MPRs. Since using our classification, these two properties define a preference-free double-plus model, all HJM models are preference-free double-plus TSMs.
homogenous specification of volatilities, the triple-plus TSMs allow timeinhomogeneous volatilities (i.e., time-inhomogeneous short rate volatility and/or timeinhomogeneous forward rate volatilities). Examples of triple-plus TSMs include extensions of the models of Hull and White [1990] , 5 Black, Derman, and Toy [1990] , and Black and Karasinski [1991] with time-inhomogeneous volatilities, and versions of LIBOR market model with time-inhomogeneous volatilities (see Mercurio [2001, 2006] and Rebonato [2002] ). These models originated from the work of practitioners interested in pricing exotic interest rate derivatives, relative to the pricing of some plain-vanilla derivative benchmarks, such as caps and/or swaptions. The triple-plus models are motivated by the need to exactly fit the initial prices of the chosen set of plain-vanilla derivatives, in addition to exactly fitting the initial bond prices. However, the triple-plus models require a high numbers of parameters to obtain an exact fit with the chosen plain-vanilla derivative instruments, and may suffer from the criticism of "smoothing."
Our Bayesian priors regarding the usefulness of various classes of term structure models are best depicted in Figure 1 using an inverted U-curve that plots the usefulness of the TSMs against the number of plusses, with zero-plus denoting the fundamental TSMs. Going from zero-plus to one-plus, the marginal benefit may be extremely significant, as allowing flexibility in the specifications of MPRs is known to significantly enhance the performance of term structure models (see Duffee [2002] and Duarte [2004] ). Hence, allowing TSMs to be completely independent of MPRs, makes these models consistent with very general, non-linear MPRs, and allows more realistic stochastic processes under the physical measure.
For example, as shown in this paper, the two-factor single-plus square-root model, or the A 2 (2)+ model, can allow negative unconditional correlation between the two state variables under the physical measure, even though it must disallow negative 5 See the fully extended Vasicek model of Hull and White [1990] .
correlation under the risk-neutral measure. In contrast, the two-factor fundamental square root model, or the A 2 (2) model must disallow negative correlation under both the physical measure and the risk-neutral measure (see Dai and Singleton [2000] ).
Furthermore, expected bond returns under all single-plus term structure models can vary with arbitrarily chosen state variables, leading to a rich class of conditional bond return models, without sacrificing the analytical tractability of the corresponding fundamental models for pricing interest rate derivatives. The bond pricing formulas and the entire analytical apparatus for pricing derivatives is identical under the fundamental TSMs and single-plus TSMs, except that the empirical estimates of the risk-neutral parameters may be different under these two classes of models.
Though double-plus and triple-plus models may at first appear more general than single-plus models, these models suffer from the criticism of "smoothing." In the discussion to follow, we define the term "smoothing" to imply fitting financial models to a set of observed prices without an underlying economic rationale. The concept of smoothing is different from overfitting in that the former implies fitting without an economic rationale, while the latter implies fitting based upon some economic rationale, but using more variables than needed to obtain a good fit. In other words, smoothing allows the modeler to ignore some important economic relationships by making entirely ad-hoc adjustments to fit the model to observed prices (thus, fail to deal with the misspecification error caused by some hidden variables), while overfitting allows the modeler to invent economic relationships that don't exist but are artifacts of the noise present in the observed prices.
A simple example of smoothing is using the Black and Scholes model for pricing equity call options of different strikes, and using different volatilities corresponding to different strikes to fit the "smile" with a third-order polynomial function. If the dynamics of the smile are not modeled based on some economic fundamentals, then a trader may not know why and how the option smile changes over time. The option smile obviously represents some missing economic factor(s), but the incorporating these factor(s) into the option prices is beyond the scope of the Black and Scholes model. Perhaps, a stochastic volatility/jump model is needed to fit the smile. Yet, if traders continue to use the Black and Scholes model to price options by adjusting the implied volatilities across different strikes to fit the smile using a third-order polynomial, then they are "smoothing." Smoothing basically allows the option trader to price an option of a given strike, given the observed prices of options with strikes surrounding the given strike. However, traders can achieve such smoothed prices even by performing a giant Taylor series expansion, without any knowledge of stochastic processes that drive the stock price movements.
Similarly, it would be wise to be aware of the dangers of smoothing while considering double-plus and triple-plus TSMs. Though smoothing is present under all HJM-type models that fit the initially given bond prices (e.g., double-plus models), the extent of smoothing under triple-plus models that use time-inhomogeneous volatilities is especially troublesome. The origins of time-inhomogeneous volatilities as smoothing variables can be traced to the extended versions of the models of Black, Derman, and Toy [1990] , Black and Karasinski [1991] , and Hull and White [1990] .
Though practitioners have mostly discarded these earlier generation models, tripleplus versions of the LIBOR market models remain quite popular. Rebonato [2002] recognizing the danger of this approach, recommends a three-step process that puts most of the burden of capturing the forward rate volatilities on the time-homogenous component of the forward rate volatilities. However, since this alleviates the smoothing problem only partially, it is unclear how well the LIBOR model performs over time, especially since little research exists on the hedging effectiveness of this model using the approach of Fan, Gupta, and Ritchken [2003] . In fact, the widespread industry use of the LIBOR market model may simply represent a "smoothing" technique, which allows prices to fit well, but explains little.
In the following section we consider preference-free extensions of complete market models -such as the Vasicek model, the CIR model, and the A 2 (2) model of Dai and Singleton [2000] . The next section considers preference-free extensions of incomplete market models -such as the unspanned stochastic volatility (USV) model of Collin-Dufresne and Goldstein [2002] . Valuation under the "preference-free" extensions of incomplete market models is only partially free of preferences, since sources of incomplete market risks (i.e., USV factors) cannot be hedged away by continuous trading in the underlying bonds.
PREFERENCE-FREE TERM STRUCTURE MODELS IN COMPLETE MARKETS: SOME EXAMPLES The Vasicek+ Model
The fundamental Vasicek model is typically estimated using the time-series dynamics of the changes in the yield of a given maturity (e.g., three month yield, or one-year yield). By matching the moments of yield changes, both the physical parameters and the risk-neutral parameters are obtained, consistent with some assumed form (typically linear) of market prices of risks. However, this strategy has three potential limitations, given as follows:
1. The econometric estimation (using maximum likelihood, generalized method of moments, simulated methods of moments, etc.) under the fundamental model obtains physical parameters, MPRs, and risk-neutral parameters jointly.
To the extent the functional form of MPRs is specified incorrectly, the model will obtain incorrect estimates of the risk-neutral parameters. For example, the recent investigations by Duffee [2002] and Duarte [2004] have found that more general specifications of MPRs significantly improve the fitting of the multifactor affine models to the observed cross-sectional and time-series dynamics of yield curve changes. However, even these authors use linear specifications of MPRs. To the extent MPRs are non-linear, the fundamental Vasicek model will be specified incorrectly.
2. Being a single factor model, the fundamental Vasicek model is typically estimated using a single yield series. Much information in the time series evolution of the entire yield curve is ignored, and hence, the methodology does not make optimal use of the information available.
3. Since the econometric estimation is based on historical data of yield series, it is backward looking, and ignores the forward looking information contained in current bond prices and interest rate derivative prices. [1977] model. Let the stochastic bond price process under the physical probability measure be given exogenously as follows:
where,
and Z(t) is a wiener process, µ(t,T) is the instantaneous expected return on the bond,
B(T-t)
is the instantaneous bond volatility, which is a function of time remaining to maturity, and a and σ are constants greater than zero. Unlike the fundamental Vasicek model, which specifies the short rate process under the physical measure, the Vasicek+ model specifies the bond price process exogenously under the physical measure. Term structure models with an exogenous specification of a stochastic bond price have been given by Merton [1973] , Ball and Torous [1983] , Schaefer and Schwartz [1987] , Nawalkha [1995] , and others. 6 The Heath, Jarrow, and Morton
[1992] model can also be specified using an exogenous stochastic bond price process instead of the forward rate process. The stochastic process in equation (1) assumes a single factor for bonds maturing at all dates T, such that 0 ≤ t ≤ T ≤ ∞. As shown earlier, under the single factor assumption, a hedge portfolio consisting of two zerocoupon bonds can be constructed to replicate the riskless return over the next instant.
An immediate implication of the construction of such a hedge portfolio is that excess returns measured in the units of bond volatility are equal across all bonds, or:
where r(t) is the default-free instantaneous short rate, and γ(z.t) is the market price of interest rate risk with z defined in a general manner to include non-linear functions of r(t), and/or any other state variable values at time t, but γ(z.t) must remain independent of the maturity term T, for all T ≥ t. Substituting the above equation in equation (1), we get:
Using the Girsanov theorem, the Wiener process under the equivalent probability measure is given as:
Substituting the above equation into equation (4), the risk-neutral bond price process is obtained as follows:
Let f(t,T) = -∂lnP(t,T)/ ∂T, define the time t instantaneous forward rate for date T.
Taking the stochastic integral of the above equation and then taking the partial derivative of the log of bond price with respect to bond maturity, the time t instantaneous forward rate is given as follows:
where f(0,T) is the instantaneous forward rate defined at time zero. Since the short rate r(t) = f(t,t), evaluating the above equation for T = t, gives:
Note that the market price of risk γ(z,t) does not appear in the above equation, if it does not appear in the definition of f(0,t). Various functions forms can be used to estimate the function f(0,t) from the forward rates implied by the bonds trading at time zero. For example, Nelson and Siegel [1987] suggest a parsimonious parameterization of the instantaneous forward rate curve given as follows:
where the constants alphas and beta are used for fitting the term structure using the observed bond prices at time zero. Using the above function, however, leads to a time-inhomogeneous short rate process. Since Vasicek+ model requires a timehomogeneous short rate process under the risk-neutral measure (and generally, also under the physical measure, if γ(z,t) is independent of t), the functional form of f(0,t) must be chosen to meet this criterion. It can be shown that the solution form under the fundamental Vasicek model is the only solution for f(0,t) that allows a timehomogeneous risk-neutral short rate process. Hence, the following functional form is fitted to the forward rates, implied by the bond prices observed at time zero:
where
Though both functional forms in equations (9) and (10) allow dependence on four parameters, the latter uses two parameters a and σ, that also define the shape of the bond volatility function in equation (1). The interdependence between the shape of the forward rate curve and the volatility curve is a characteristic of all time-homogeneous term structure models. Substituting the functional form of the forward rate given in equation (10) into equation (8), and then taking the stochastic differential of the short rate, the risk-neutral short rate process simplifies as follows:
Expressing short rate as the sum of parameter b and the state variable Y(t):
the risk-neutral state variable process is given as follows:
Though the above equation gives the short rate and the state variable processes under the risk-neutral measure, the constants a and σ, were specified exogenously under the physical measure as the parameters related to the bond volatility function. These 
where the index j = 1,2,…,n, sums up the deviations squared over n 1 number of bonds and n 2 number of derivatives, where the weights w 1 and w 2 can be used to normalize the dollar investments in bonds versus the interest rate derivatives (such as caps or swaptions).
Since Vasicek+ is a time-homogeneous model, the above optimization does not have to be done using only one day of data (which is often the case for time-inhomogeneous models). By using the past k days of cross-sectional price data on bond and interest rate derivatives, the parameters a i , b i , σ i , and Y i (0), for i = 1, 2,…k, can be solved k number of times. Since this method will generally lead to changing values of the parameters a, b, σ, an intertemporal global minimization over k days is performed in the next stage by using the values Y i (0), for i = 1, 2,…k, obtained in the first stage, as follows:
where the index i = 1,2,…,k, sums up the sum of deviations squared over n 1 bonds and n 2 interest rate derivatives, over k days.
In general, the above optimization may not work so well, since the Vasicek+ i) it uses forward looking information contained in the current prices of bonds and interest rate derivatives, ii) it allows general, non-linear specifications of MPRs, which do not have to be estimated empirically.
The second observation is highly relevant as many recent studies (see Duffee [2002] and Duarte [2004] ) find that using more general forms of MPRs can significantly enhance the ability of term structure models in capturing important yield dynamic relations. Consistent with this observation, consider an example, where the MPR function γ (z,t) in equation (5) is defined as follows:
where X(t) is another state variable that may be correlated with the short rate.
Substituting the above in equation (5), the change of measure is given as follows:
Substituting the above equation in equation (11), the short rate process under the physical measure is given as follows:
Since the drift under the physical measure is non-linear and depends upon a second state variable X(t), the above short rate process is obviously inconsistent with the the context of all preference-free "single-plus" multifactor affine and quadratic models given in the literature.
The stochastic bond price process under the physical measure consistent with equations (16) and (18) is given as follows:
The risk premium on the bond allows two state variables r(t) and X(t), which may be negatively correlated. Since prior research confirms the importance of A direct method to obtain the Vasicek++ model is to take the stochastic differential of the short rate given in equation (8), without restricting the functional form of the initial forward rate curve f(0,t), to be of the form given in equation (10).
This immediately gives the risk-neutral short rate process as follows:
where b(t) is defined as follows:
Note that only when f(0,t) is specified as the time-homogeneous solution given by equation (10) Though the short rate process given in equation (20) is time-inhomogeneous under the risk-neutral measure, it can be shown to be consistent with a timehomogeneous process under the physical measure, by the appropriate choice of the market price of risk function. It is important to note that not all models that are calibrated to initial forward rate curve can allow a time-homogeneous short rate process under the physical measure. For example, the standard calibrations of the LIBOR market model (see Rebonato [2002] ) to initial forward rates typically do not allow a time-homogeneous short rate process under the physical measure.
Let the time-homogeneous short rate process under the physical measure be given as:
where X(t) is another time-homogeneous state variable correlated with the short rate.
The change of measure consistent with equations (20) and (22), can be obtained by appropriately choosing the market price of risk function γ(z,t) in equation (5), as follows:
t a b t r t dZ t dZ t dt
α α α σ
In the above conceptualization of the Vasicek++ model, the state variables r(t) and X(t), which determine the state of the economy, follow time-homogeneous processes, while the shape of the initial forward rate curve is related to investors preferences though the market price of risk function which is time-inhomogeneous.
Of course, given that the initial forward rate curve is observable, the Vasicek++ model does not require the knowledge of investors preferences (which are both statedependent and time-inhomogeneous) to price interest rate derivatives. Hull and White [1990] also introduce the "fully extended Vasicek model" by allowing time dependent parameters to fit both the initial forward rate curve and the initial bond return volatility function. We denote this model as the Vasicek+++ model, with one plus denoting the independence from MPRs, the second plus denoting the time-dependence in the risk-neutral drift of the short rate process to fit the initially observed bond prices (or the initial forward rate curve), and the third plus denoting the time-dependence in the risk-neutral drift and/or volatility of the short rate process to fit the initially observed bond return volatility function. Similar to the Vasicek+ and Vasicek++ models, this model can be derived by assuming an exogenously given stochastic bond price process under the physical measure, and then performing the change of measure to obtain the short rate process under the riskneutral measure, which is given as follows:
( ) ( ) ( ) ( ) ( ) ( ) dr t a t b t r t dt dZ t
By appropriately selecting the function a(t), the Vasicek+++ model can be calibrated to the initial shape of bond return volatility function at time zero, given as σB(0,t), as follows:
The function b(t) allows calibration to the initial forward rate curve, and is given as follows:
Note that since we restricted the short rate volatility to be a constant σ in equation (24), an appropriate change of measure (similar to equation (23)) allows the risk-neutral short rate process to be consistent with a time-homogeneous short rate process under the physical measure, such as the one given in equation (22). However, if the short rate volatility is allowed to be a deterministic function σ(t), then it is impossible to make equation (24) consistent with a time-homogeneous short rate process under the physical measure. In fact, this is the reason why LIBOR market models, which assume deterministically changing time-inhomogeneous forward rate volatilities (which imply time-inhomogeneous short rate volatility), cannot be consistent with a time-homogeneous short rate process under the physical measure.
Though the Vasicek++ and Vasicek+++ models have been shown to be consistent with a time-homogeneous short rate process under the physical measure, they still suffer from the criticism of "smoothing," as arbitrary shapes of the MPR functions have been assumed to calibrate these models to the initial forward rate curve and/or the initial bond return volatility function, respectively. The short rate under the preference-free extensions of the CIR model is given as follows: 
The CIR+ and CIR++ models
is the instantaneous bond volatility, which is a function of time remaining to maturity, τ = T -t, the state variable Y(t), and constants a and σ . The dependence of bond return volatility on the state variable Y(t), instead of the short rate r(t), allows the volatility to be proportional to state variable values that are less than or equal to the short rate by a positive constant equal to δ. Unlike the fundamental CIR model, which specifies the short rate process under the physical measure, the CIR+ model specifies the bond price process exogenously under the physical measure.
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The stochastic process in equation (28) assumes a single factor for bonds maturing at all dates T, such that 0 ≤ t ≤ T ≤ ∞. As shown by Vasicek [1977] , under the single factor assumption, a hedge portfolio consisting of two zero-coupon bonds can be constructed to replicate the riskless return over the next instant. An immediate implication of the construction of such a hedge portfolio is that excess returns measured in the units of bond volatility are equal across all bonds, or:
where γ(z.t) is the market price of interest rate risk with z defined in a general manner to include non-linear functions of r(t), and/or any other state variable values at time t, but γ(z.t) must remain independent of the maturity term T, for all T ≥ t. Substituting the above equation in equation (28), and then using a change of measure we get:
dP t T r t dt Y t B T t dZ t P t T
10 Term structure models with an exogenous specification of a stochastic bond price have been given by Merton [1973] , Ball and Torous [1983] , Schaefer and Schwartz [1987] , Nawalkha [1995] , and others.
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The Heath, Jarrow, and Morton [1992] model can also be specified using an exogenous stochastic bond price process instead of the forward rate process. The models of Merton [1973] and Nawalkha [1995] do not violate the Girsanov theorem for performing the change of measure, however the models of Ball and Torous [1983] and Schaefer and Schwartz [1987] violate this theorem and hence imply arbitrage opportunities.
where using the Girsanov theorem, the Wiener process under the risk-neutral measure is given as:
t f t t f t Y v B t v t B t v dv Y v B t v t dZ v
Since the market price of risk γ(z,t) does not appear in the above equation, valuation is preference-free under the CIR+ model. Since the CIR+ model requires a timehomogeneous short rate process, it requires that time-zero forward rate curve is fitted to the following functional form:
It can be shown that only the specific functional form given in the above equation leads to a time-homogeneous short rate process consistent with the CIR+ model.
Fitting an arbitrary functional form, such as that given by Nelson and Siegel [1987] (see equation (9) (8), the risk-neutral short rate process is obtained as follows:
Since by assumption r(t) = δ +Y(t), the risk-neutral stochastic process of the state variable Y(t) is given as follows:
The preference-free time-inhomogeneous CIR++ model can also be derived using an exogenous stochastic bond price process under the physical measure, and an arbitrary initial forward rate curve f(0,t), using the approach outlined above for the time-homogeneous CIR+ model, by replacing the parameter δ with a time-dependent function δ(t). Replacing δ with δ(t), equation (35) gives the solution to δ(t) under the CIR++ model as follows:
where f(0,t) is now specified using an arbitrary functional form, such as given by Nelson and Siegel [1987] in equation (9). Note that the risk-neutral stochastic process of the state variable Y(t) has the same form under the CIR++ model, as under the CIR+ model, and is given by equation (37).
As in the case of preference-free Vasicek models, the market price of risk can be of a general, non-linear form under the preference-free CIR+ and CIR++ models,
given by the following change of measure:
where the variable z represents, non-linearities, multiple state variables, etc.
Substituting the above into equation (37), the physical process followed by the state variable is given as:
Of course, certain regularity conditions to guarantee the existence of unique strong solutions (see Duffie [2001, Appendix D] ), and the conditions related to the Girsanov theorem must be satisfied by the function γ(z,t) for allowing the change of measure in an arbitrage-free manner (for example, restrictions on the parameters, such that γ(z,t)
does not explode to infinity are required to satisfy the Novikov condition related to Girsanov theorem). Also, unlike the Gaussian case, the functional form of the market price of risk γ(z,t), must be restricted such that the state variable process remains welldefined. For example, consider the following form of the function γ(z,t):
where X(t) follows a square-root process conditionally correlated with Y(t), given as:
with dZ(t)dW(t) = ρdt.
Substituting equation (41) into equation (40) we get:
Assuming X(t) is a stationary process, the physical process of Y(t) remains well defined, for a range of values of the parameters. Also, in order to perform the change of measure defined by equations (39) and (41), the parameters must be restricted such that Y(t) process remains strictly above zero both under the physical measure and the risk-neutral measure.
The risk-premiums on bonds can have a rich structure with the above specification of the MPR function. Substituting equation (41) into equation (39), and then performing a change of measure on equation (31), the stochastic bond price process is given under the physical measure as follows:
A number of researchers have noted that the market price of risk under the traditional CIR model cannot explain the empirical behavior of expected returns on bonds. For example, expected returns are positive and tend to move in the same direction as the slope of the term structure. These two features contradict each other under the traditional CIR model. To allow richer empirical behavior in expected returns, Duffee [2002] proposes essentially affine extensions of the traditional affine models, while Duarte [2004] proposes semi-affine extensions of the affine models.
Duarte's model is similar to the CIR+ model, as it allows non-affine physical processes for the state variables. Though the specification of Duffee [2002] and Duarte [2004] are more realistic in capturing the behavior of expected returns, they still have difficulty in simultaneously fitting the cross-sectional and time-series properties of the yield curve. Both Duffee [2002] and Duarte [2004] find that affine models, even with generalized risk premiums, cannot simultaneously capture both the time-variation in conditional variances and the expected return relation with the slope of the term-structure.
In contrast to these models, note that the expected return specification in equation (44) can allow even multiple state variables that are not spanned by the existing bonds, similar to the example given earlier under the Vasicek+ model. The risk premium changes sign depending on the values of Y(t) and X(t), and also depends upon the product Y(t)X(t). Further, unlike the traditional multiple factor square-root models, which cannot allow negatively correlated state variables, the state variable X(t) can be negative correlated with Y(t), assuming a negative value for ρ, defined earlier.
This section has given preference-free extensions of the fundamental Vasicek and CIR models using an exogenous specification of the stochastic bond price process under the physical measure (see equations (1) and (28), respectively). Similar, preference-free single-plus, double-plus, and triple-plus extensions can be derived for virtually any fundamental short rate models, including multifactor affine and quadratic term structure models (see Singleton [2000, 2002] and Ahn, Dittmar, and Gallant [2002] ) by an exogenous specification of the stochastic bond price process under the physical measure. Single-plus extensions of the multifactor affine and quadratic models can be especially useful since these can allow arbitrary forms of MPR functions that include non-linearities and even new state variables which are not spanned by the bonds. The general specification of risk premiumssuch as in equation (44) 
PREFERENCE-FREE TERM STRUCTURE MODELS IN INCOMPLETE MARKETS: SOME EXAMPLES
In this section we extend our analysis of preference-free models to incomplete market models such as the unspanned stochastic volatility (USV) model of CollinDufresne and Goldstein (CDG) [2002] . We find that the MPRs related to the factors that are spanned by existing set of bonds are not required for the valuation of either bonds or interest rate derivatives, under the preference-free extensions of the USV models. However, the MPRs related to the factors which are not spanned by existing set of bonds, are required for pricing interest rate derivatives, under the preferencefree extensions of the USV models. Hence, "preference-free" USV models are only partially free of preferences, as the risks related to unspanned factors cannot be hedged away by existing set of bonds. However, since valuation under preferencefree USV models does not depend upon MPRs related to the spanned factors, these
MPRs can have very general forms including non-linearities and dependence on arbitrarily chosen state variables. The following section shows how to derive preference-free extensions of incomplete market term structure models by considering a specific example of a USV model given by CDG.
The A 1 (3)+ and A 1 (3)++ USV Models
Consider the example of an A 1 (3)+ USV model, which is given using an exogenous specification of the bond price process, under the physical measure, as follows:
, and v(t) follows a square root process under the physical measure given as follows:
with dZ r (t), dZ θ (t), and dZ v (t) as three independently distributed Wiener processes.
Absence of arbitrage guarantees a risk-neutral measure under which the instantaneous expected bond return is equal to r(t)dt. Let the change of measure be defined as follows: 
Substituting the first two equalities in equation (45), and the last equality in equation (46), we get the stochastic bond price process and the volatility process under the risk-neutral measure as follows:
r r
dP t T r t dt B T t v t dZ t B T t dZ t P t T
and,
As in the case of Vasicek+ and CIR+ models, by taking a stochastic integral of the bond price process given in equation (48) from time zero to time t, and then differentiating the log of the bond price process by maturity T, the forward rate f(t,T)
can be obtained for this model. This forward rate evaluated at T = t, immediately
gives the short rate. Taking the stochastic differential of the short rate gives the short rate process under the risk-neutral measure. The form of the short rate process depends upon the assumed shape of the time-zero forward rate curve. A timehomogeneous short rate process obtains if the assumed form of the time-zero forward rate curve is given as follows:
where the functions B θ (t) and B r (t) are defined in equation (45).
Note that the initial forward rate curve uses two physical parameters k r and σ θ that also defined the shape of the bond return volatility function in equation (45).
The interdependence between the shape of the forward rate curve and the volatility curve is a characteristic of all time-homogeneous term structure models. In addition, the initial forward rate depends upon the initial level of the short rate r(0), and another two parameters θ(0) and µ. Though many arbitrary functional forms of the initial forward rate can be assumed, only the above functional form leads to a timehomogeneous short rate process under the risk-neutral measure given as follows: 
where the stochastic process for v(t) is assumed to be time-homogeneous under the risk-neutral measure in equation (49). Interestingly, given the USV property, the bond prices do not depend upon v(t). The time t bond price can be solved using the risk-neutral short rate process in equation (51) using the standard PDE method, and is given as follows:
where the functions B θ (τ) and B r (τ) are defined in equation (45), and A(τ) is given as:
Given the USV property, the bond price in equation (52) is independent of the volatility process. Also, note that the risk-neutral processes for r(t) and θ(t) given in equation (51), as well as the bond price given in equation (52), depend only on the two physical parameters k r and σ θ related to the exogenously specified bond price process in equation (45), the current values of the state variables r(t) and θ(t), and the parameter µ (used in equation (50) for defining the initial forward rate curve). Hence, bond valuation is independent of the MPRs γ r (z,t) and γ θ (z,t) related to r(t) and θ(t), respectively. Also, since bond price is independent of the volatility process, it is obviously independent of all of the parameters related to the volatility process, including the MPR related to the volatility risk, γ v (z,t). Hence, bond valuation is completely preference-free under the A 1 (3)+ USV model given above.
The valuation of interest rate derivatives is however, is not independent of the volatility process under the A 1 (3)+ USV model. Since the risk-neutral volatility process given in equation (49) includes the MPR related to the volatility risk, γ v (z,t), valuation of interest rate derivatives is dependent on the particular specification of γ v (z,t). In order to maintain the affine structure for valuing interest rate derivatives using analytical methods such as the Fourier inversion method (see Duffie, Pan, and Singleton [2000] ) and the cumulant expansion method (see Collin-Dufresne and Goldstein [2002] ), γ v (z,t) must be restricted to the following form:
However, similar to bond valuation, even the valuation of interest rate derivatives is independent of the MPRs γ r (z,t) and γ θ (z,t) related to r(t) and θ(t), respectively, since the risk-neutral processes for these state variables (see equation (51)) do not contain these MPRs. Hence, the MPRs γ r (z,t) and γ θ (z,t) can be of any general form under the A 1 (3)+ USV model, with non-linearities and dependence on multiple state variables, without losing the analytical tractability of the corresponding fundamental A 1 (3) USV model.
The A 1 (3)++ USV model can be derived using the same approach as given in equations (45) through (49), except the initial forward rate curve in equation (50) is specified using arbitrary functional forms such as Nelson and Siegel's [1987] exponential form given in equation (9). Doing this leads the same form for the riskneutral processes for the state variables r(t) and θ(t), in equation (51), except that the parameter µ becomes a time-dependent function.
RELATIONSHIP OF THE NEW TAXONOMY WITH THE EXISTING PREFERENCE-FREE MODELS
Though the new taxonomy is useful for considering preference-free extensions of the fundamental short rate models in affine, quadratic, and other non-affine classes, we have not yet considered how it relates to the existing preference-free models such as the HJM models, LIBOR market models (LMM), and String Models. 12 Unlike affine and quadratic models, which first originated as fundamental models and were subsequently generalized as preference-free models, the HJM forward rate models, the LMM, and the String model originated as preference-free models. Since these models exogenously specify the physical forward rate process, which uniquely identifies either the risk-neutral measure or the forward measure by absence of arbitrage, without requiring the specification of market prices of risks, preferences do not enter in the valuation process.
The forward rate models typically assume historical forward rate volatilities and an initially observed set of forward rates (or an observed set of bond prices from which the forward rates are derived) as model inputs. Since these models do not generally impose restrictions on the functional forms of term structures of historical volatilities and time-zero forward rates, they imply a time-inhomogeneous short rate process, and suffer from the criticism of smoothing.
13
The preference-free HJM forward rate model is not a "model" in the traditional sense. The HJM framework basically imposes the no-arbitrage "forward rate drift restriction" consistent with a finite-factor volatility structure for the forward rate processes. In a sense, all preference-free finite-factor term structure models are HJM models, such that every preference-free model can be classified as an HJM model, using the forward rate processes implied by these models. For example,
Vasicek+ and CIR+ models can be alternatively conceptualized as single-plus HJM models with specific functional forms for both the forward rate volatility function and 12 The String models were developed in a series of papers by Kennedy [1994 Kennedy [ , 1997 , Goldstein [2000] , and Santa-Clara and Sornette [2001] .
an initial forward rate function, which lead to a time-homogenous risk-neutral short rate process. Similarly, Vasicek++ and CIR++ models can be conceptualized as double-plus HJM models, which do not impose any restrictions on the functional form of the initially observed forward rates, but which allow only specific functional forms for the forward rate volatility function. But such classification of existing preferencefree term structure models as "HJM models," serves little purpose, especially when many of these models have been derived independently by other researchers (e.g., the
Vasicek++ and Vasicek+++ models of Hull and White [1990] , and CIR++ model suggested by CIR [1985] , and developed fully by Dybvig [1988] , Scott [1995] , and Brigo and Mercurio [2001] ). In contrast to the HJM framework, the LMM imposes deterministic volatilities on the lognormal forward rate processes, and so represents a specific term structure model.
Note that the new taxonomy plays a useful role even in the context of preference-free forward rate models such as the HJM models, the LMM, and String models. The original conceptualization of the HJM [1992] model uses the observed initial forward rate curve as an input to the model without imposing any constraints to ensure that a time-homogeneous short rate exists under the risk-neutral measure.
Hence, the original conceptualization of HJM models can be denoted as HJM++ models, with one plus representing independence from MPRs, and the second plus representing a time-inhomogeneous drift to fit the initially observed forward rate curve. By imposing additional constraints on the functional form of the initially observed forward rate curve, such that the risk-neutral short rate process remains time-homogeneous, single-plus HJM models or HJM+ models can be derived. For example, Vasicek+ model and CIR+ model are also examples of HJM+ models, even though it serves little purpose to classify these as HJM models. Finally, triple-plus HJM models or HJM+++ models are the sub-class of HJM models, with one plus representing independence from MPRs, the second plus representing the timeinhomogeneous drift required to fit the initially observed forward rate curve, and the third plus representing the time-inhomogeneous forward rate volatilities, required to fit the initially observed term structure of volatilities. Hence, the typical applications of the LMM given by Rebonato [2002] and others can be classified as HJM+++ models. Finally, String models typically do not allow a time-homogeneous short rate process, as they allow arbitrary functional forms for the initial forward rate curve.
Since by definition these models are preference-free and assume time-homogeneous forward rate volatilities, these can be conceptualized as double-plus models, with one plus representing independence from MPRs, and the second plus representing a timeinhomogeneous drift to fit the initially observed forward rate curve.
CONCLUSIONS AND FUTURE RESEARCH
In this paper we presented a parsimonious and comprehensive taxonomy for dynamic term structure models, classifying all term structure models as either fundamental models, or preference-free single-plus, double-plus, and triple-plus models. Using specific examples of preference-free extensions of Vasicek, CIR, and an A 1 (3) USV model, we demonstrate how the preference-free single-plus, doubleplus, and triple-plus extensions can be derived corresponding to all existing fundamental short rate models, such as those in the affine, quadratic, and other nonaffine classes. Recently, Nawalkha, Beliaeva, and Soto [2007] have given single-plus and double-plus extensions of a range of multifactor short rate models in the affine and quadratic classes. The new taxonomy also classifies existing preference-free models -such as the HJM models -using the subclasses of single-plus, double-plus, and triple-plus models.
Unfortunately, the discovery of HJM and other forward rate models has allowed arbitrary time-dependent drifts and volatilities to be used in the modeling of term structure of interest rates, leading to a range of double-plus and triple-plus models, which can easily fit the cross-sections of prices of bonds and interest rate derivatives, but do not have much intertemporal explanatory power. These models suffer from the criticism of "smoothing," as time-dependent parameters are used in an arbitrary manner, instead of modeling important economic relationships. In this paper we propose single-plus models as better alternatives than either the fundamental short rate models or the double-plus and triple-plus forward rate models. Single-plus models take the best features of both the traditional short rate models such as the Vasicek and CIR models, and the modern forward rate models, such the HJM models.
Since single-plus models are both time-homogenous and preference-free, they allow rich econometric analysis using arbitrary forms of MPRs, without sacrificing the analytical tractability of the fundamental models.
For future research, we conjecture that a five to six factor single-plus USV model that allows more general forms of MPRs with non-linearities and multiple state variables, using the CDG framework has the most potential in explaining the crosssection of prices of bonds and interest rate derivatives, while simultaneously explaining the yield curve movements and conditional bond returns. Such a model can use three factors to fit the time-series and cross-sectional properties of bonds, and together with another two or three unspanned factors, it can be used to explain the time-series and cross-sectional properties of interest rate derivatives. 
